In this paper, we apply the homotopy perturbation method for solving the sixth-order boundary value problems by reformulating them as an equivalent system of integral equations. This equivalent formulation is obtained by using a suitable transformation. The analytical results of the integral equations have been obtained in terms of convergent series with easily computable components. Several examples are given to illustrate the efficiency and implementation of the homotopy perturbation method. Comparisons are made to confirm the reliability of the homotopy perturbation method. We have also considered an example where the homotopy perturbation method is not reliable.
Introduction
Recently, much attention has been given to develop some analytical methods for solving integral equations. It is well known that perturbation methods provide the most versatile tools available in the non-linear analysis of engineering problems, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . The major drawback of the traditional perturbation techniques is the overdependence on the existence of the small parameter. This condition is too overstrict and greatly affects the applications of perturbation techniques because most of the non-linear problems (especially those having strong nonlinearity) do not even contain the so-called small parameter; moreover the determination of the small parameter is a complicated process and requires special techniques. These facts have motivated the suggestion of alternative techniques such as the artificial parameter method [14] , decomposition method [15] , the homotopy analysis method [42] and the variational iteration method [1, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . He developed the homotopy perturbation technique by combining the standard homotopy method and perturbation technique. In fact, He presented hompotopy perturbation techniques based on the introduction of a homotopy, artificial or book-keeping parameters for the solution of algebraic and ordinary differential equations.
This technique is based on the expansion of the dependent variables and, in some cases, even constants that may appear in the governing equation, and provides series solutions. The technique has been applied with great success to obtain the solution of a large variety of non-linear problems, see [1] [2] [3] [4] [5] [6] [7] 10, [12] [13] [14] 26, 27, [42] [43] [44] and the references therein. Although when it appeared, the homotopy perturbation method was believed to be a new technique, it is worth mentioning that such a method has been previously used in, for example, numerical analysis and continuation algorithms whereby a parameter is introduced and increased from a value for which the problem to be solved has an easily obtainable solution, to its true valuable. In this paper, we use the homotopy perturbation method developed by He [1] [2] [3] [4] [5] [6] [7] for solving a system of integral equations. This method is easy to implement and is more efficient than the Adomian method. We also give an example where this method is not reliable.
To be more precise, we consider the general sixth-order boundary value problems of the type
with boundary conditions y(a) = A 1 , y (a) = A 2 , y (iv) (a) = A 3 ,
where f (x, y) is a continuous function. The sixth-order boundary value problems arise in astrophysics; the narrow convecting layers bounded by stable layers which are believed to surround A-type stars may be modeled by sixthorder boundary value problems, see [28] [29] [30] [31] [32] [33] [34] 38] . Glatmaier [35] also noticed that dynamo action in some stars may be modeled by such equations. Moreover, when an infinite horizontal layer of fluid is heated from below and is subjected to the action of rotation, instability sets in. When this instability is of ordinary convection, then the governing ordinary differential equation is of sixth order, see [31] [32] [33] [34] . The literature of numerical analysis contains little on the solution of the sixth-order boundary value problems, see [15, 28, 31, 34] . Results which list the conditions for the existence and uniqueness of solutions of such problems are thoroughly discussed by Agarwal [36] , though no numerical methods are contained therein. Baldwin [28, 29] developed non-numerical techniques for solving such problems. However, numerical methods of solutions were introduced implicitly by Chawla and Katti [39] ; although the authors focused their attention on fourth-order boundary value problems. Finite difference methods of solutions for such problems were also developed by Boutayeb and Twizell [30] . A second-order method was developed in [33] for solving special and general sixth-order boundary value problems. In a later work [34] , finite difference method of order two was established to handle such problems. Sextic spline solutions of linear sixth-order boundary value problems were derived by Siddiqi and Twizell [31] using polynomial splines of degree six where the spline function values at the mid-knots of the interpolation interval and the corresponding values of the even order derivatives are related through consistency relations. It is worth mentioning that the performance of the techniques used so far is well known that it provides solutions at grid points only. Moreover, the existing techniques require huge computational work. Recently, decomposition methods [15] , Ritz's method based on the variational theory [40] , non-polynomial spline technique [37] , Sinc-Galerkin method [41] and the variational iteration method [25] have been applied for the solution of sixth-order boundary value problems. To overcome these drawbacks, He [1] [2] [3] [4] [5] [6] [7] developed the homotopy perturbation method for solving linear, non-linear, initial and boundary value problems. The basic motivation of this paper is to apply the homotopy perturbation method to solve a system of integral equations. It is shown that the method provides the solution in a rapid convergent series. The homotopy perturbation method has been shown to solve effectively, easily and accurately a large class of linear, non-linear, partial, deterministic or stochastic differential equations with approximate solutions which converge very rapidly to accurate solutions. In this paper we prove that sixth-order boundary value problems are equivalent to the system of integral equations by using a suitable transformation. This alternative transformation plays a pivotal and fundamental role in solving the sixth-order boundary value problems. We show that the equivalent system of integral equations can be solved efficiently using the homotopy perturbation method. This clearly indicates that the homotopy perturbation technique may be considered as an alternative for solving linear and non-linear problems. Several examples are given to illustrate the performance of this method. An example is given to show that this technique is not reliable. The results obtained in this paper can be viewed as a refinement and improvement.
Homotopy perturbation method
Consider the following system of Volterra integral equations
where
s)], i = 1, 2, 3, . . . , n : j = 1, 2, . . . , n.
To explain the homotopy perturbation method, we consider a general equation of the type,
where L is any integral or differential operator. We define a convex homotopy H (u, p) by
where F(u) is a functional operator with known solutions v 0 , which can be obtained easily. It is clear that, for
we have
This shows that H (u, p) continuously traces an implicitly defined curve from a starting point H (v 0 , 0) to a solution function H ( f, 1). The embedding parameter monotonically increases from zero to unit as the trivial problem F(u) = 0 continuously deforms the original problem L(u) = 0. The embedding parameter p ∈ (0, 1] can be considered as an expanding parameter, see [1] [2] [3] [4] [5] [6] [7] 10, 11, 13, 26, 27] . The homotopy perturbation method uses the homotopy parameter p as an expanding parameter to obtain
If p → 1, then (6) corresponds to (4) and becomes the approximate solution of the form,
It is well known that series (7) is convergent for most of the cases and also the rate of convergence depends on L(u), see [1] [2] [3] [4] [5] [6] [7] . We assume that (7) has a unique solution. Consider the ith equation of (2), we take
The comparisons of like powers of p give solutions of various orders.
Applications
We first show that the sixth-order boundary value problems may be reformulated as a system of integral equations. We use the homotopy perturbation method reviewed in Section 2 to solve the resultant system of integral equations.
Example 3.1 ([15,25,40] ). Consider the following linear boundary value problem of sixth order,
with boundary conditions
The exact solution of the problem is
Using the transformation dy
, we rewrite the above sixth-order boundary value problem as a system of differential equations
The above system of differential equations can be written as a system of integral equations
Applying the convex homotopy method, we have
Comparing the coefficient of like powers of p
x 7 ,
. . .. The solution is given as
Imposing the boundary conditions at x = 1 leads to the following system 
The solution of the above system gives
The series solution is given as
which is exactly the same as obtained in [25] by using the variational iteration method and in [15] by using the decomposition method. Table 3 .1 exhibits the exact solution and the series solution along with the errors obtained by using the homotopy perturbation method. It is obvious that the errors can be reduced further and higher accuracy can be obtained by evaluating more components of y(x). 15, 25] ). Consider the following non-linear boundary value problem of sixth order,
Applying the convex homotopy, we have
e −x (y 0 + py 1 + p 2 y 2 + · · ·) 2 dx.
The solution is given as 
The solution of the above system is given as
The series solution is given by
which is exactly the same as obtained in [25] by using the variational iteration method and in [15] by using the decomposition method. Table 3 .2 exhibits the exact solution and the series solution along with the errors obtained by using the homotopy perturbation method. It is obvious that the errors can be reduced further and higher accuracy can be obtained by evaluating more components of y(x). The exact solution of the problem is: 
Comparing the coefficient of like powers of p, we have
. . ..
The solution is given as The series solution is given as
which is exactly the same as obtained in [25] by using the variational iteration method and in [15] by using the decomposition method. Table 3 .3 exhibits the exact solution and the series solution along with the errors obtained by using the homotopy perturbation method. It is obvious that the errors can be reduced further and higher accuracy can be obtained by evaluating more components of y(x).
Example 3.4 ( [25] ). Consider the following special sixth-order boundary value problem involving a parameter c u (6) 
with boundary conditions:
Using the transformation du
, we rewrite the above special sixth-order boundary value problem as a system of differential equations
with boundary conditions (1), f (1) = + sinh(1).
The above system of differential equations can be written as a system of integral equations Applying the convex homotopy, we have
s 0 + ps 1 + p 2 s 2 + p 3 s 3 + · · · = A + p x 0 (t 0 + pt 1 + p 2 t 2 + · · ·)dx, t 0 + pt 1 + p 2 t 2 + p 3 t 3 + · · · = B + p x 0 (z 0 + pz 1 + p 2 z 2 + · · ·)dx,
− c( f 0 + p f 1 + p 2 f 2 + · · ·) + ct)dx.
Comparing the coefficients of like powers of p, we have
. p (1) :
. . .. 
which is exactly the same as obtained in [25] by using Adomian's decomposition method and the homotopy perturbation method.
Using the boundary conditions at x = 1,
where the functions g(c), h(c) and p(c) grow rapidly with c. In reality, they should go to zero as the number of terms in the series goes to infinity. Table 3 .3 shows the values of A, B and D, for different values of the parameter c. It is easy to notice that the approximate solution obtained by the variational iteration technique is in good agreement with the exact solution for the small values of the parameter c and continuously depends on the parameter c. Remark 3.1. As suggested by the referee, the Example 3.4 was re-considered also by taking u 0 (x) = 1 + dx 3 instead of u 0 (x) = 1. The unknown parameter d could be determined [3] after few iterations. It was observed that the new choice of u 0 (x) improves the reliability of the homotopy perturbation method to a tangible extent. 
Conclusion
In this paper, the homotopy perturbation method has been successfully used for finding the solution of linear and non-linear sixth-order boundary value problems. It may be concluded that the method is very powerful and efficient in finding the analytical solutions for a wide class of integral equations. It provides more realistic series solutions that converge very rapidly in physical problems. The fact that the homotopy perturbation method solves non-linear equations without using Adomian polynomials can be considered as an advantage of this method over the Adomian decomposition method. It is worth mentioning that we have also considered an example where the homotopy perturbation method is not reliable.
